Efficient numerical methods are essential in the analysis of finite hydrodynamic bearings with surface texturing. This is especially evident in optimization and parametric studies where the discretization and integration methods are used to solve the governing two-dimensional Reynolds equation multiple times. Performance comparison studies of the methods are thus required to select the method that is most suitable for a particular bearing geometry. In this work, we conduct a comprehensive and systematic comparison of typical implementations of the finite difference, finite volume, finite element and spectral element discretization methods together with the Newton-Cotes formula and Gauss quadratures for hydrodynamic bearings governed by the two-dimensional Reynolds equation. The methods were evaluated by comparing the approximation errors in the calculation of the maximum pressure, load capacity, coefficient of friction, and minimum film thickness for parallel and convergent bearings textured with elliptical grooves or trapezoidal dimples. The number of degrees of freedom required by the methods to achieve the error cut-off values of 5%, 1% and 0.1% were calculated. Our results demonstrate that the spectral element method uses up to 72 times fewer degrees of freedom than the other methods for the same cut-off values. Also, our study revealed that the shape of the groove/dimple and the bearing convergence ratio can have a significant effect on the approximation errors of the numerical methods used. Specifically, for piecewise-linear texture features (e.g. trapezoidal dimples) and positive convergence ratio it is easier, for the methods, to accurately approximate the solution. In such cases, the finite volume and finite element methods are reasonable choices and provide a good trade-off between the ease of implementation and approximation errors. The worse performance was observed for the finite difference and thus this method is not recommended when the computational efficiency and the accuracy of results are of importance.
Introduction
Theoretical analyses of finite hydrodynamic bearings with surface texturing rely on solving the two-dimensional (2D) Reynolds equation for the bearing pressure distribution. The solution is integrated yielding the performance characteristics such as load capacity, coefficient of friction and minimum film thickness. 1 Apart from a single case of a parallel step bearing, 2 analytical solutions for 2D hydrodynamic bearings are not available. Consequently, the Reynolds equation has to be discretized and solved numerically using the finite difference (FD), 3, 4 finite volume (FV), 5, 6 finite element (FE) 7, 8 or spectral element (SE) 9 method. Also, the performance characteristics have to be calculated using numerical integration methods, e.g. Newton-Cotes (NC) formulas and Gauss quadratures. 10 In our recent work on the hydrodynamic bearings governed by the 1D Reynolds equation, we have shown that the choice of the numerical method can have a significant effect on the number of grid/mesh points required for the solution to be accurate. 9 For example, the SE method needed 28 times fewer points than the other methods to achieve the same accuracy when compared against the analytical solution. Fewer grid/mesh points require less computation and memory which is of great importance in the parametric and optimization studies where the governing equations are solved multiple times. 11 Contrary to the popular belief that the computational issues could be remedied by using faster computers, comprehensive parametric studies of 2D textured bearings are still a challenging problem. For example, in a recent study a gradient-based method was used to optimize textured parallel sliders governed by 2D Reynolds equation and a single optimization result took between 10 and 30 h on a high-performance workstation server (4-core Xeon processor, 16 GB of memory). 12 Comparing the performance of numerical methods in the analysis of 2D surface textures would therefore be required in order to choose the right method. However, currently there are no comparison studies of numerical methods for the textured bearings governed by the 2D Reynolds equation.
In this paper, we extend our previous work on 1D bearings by evaluating typical implementations of the FD, FV, FE and SE discretization methods together with the NC formulas and Gauss quadratures in two dimensions. We chose implementations that are common and can be programmed relatively easily, offer a good trade-off between efficiency and practicality, and cover a wide range of possible approximations (i.e. constant, linear, high-degree polynomials, point-wise, element/volume-wise). Other implementations usually require modifications to account for unstructured meshes, higher order approximations inside elements/volumes and specific numerical solvers for system matrices. The evaluation conducted was based on comparing the numerical and reference values of the maximum pressure, load capacity, coefficient of friction and minimum film thickness calculated for four different geometries of textured bearings. Since no analytical solutions are available for the bearings, the reference values were obtained through a convergence procedure. Specifically, the number of degrees of freedom was iteratively increased until the change in the values between consecutive iterations was negligible. Also, the numbers of degrees of freedom required to achieve the approximation errors below 5%, 1% and 0.1% were found.
Theoretical model
The pressure distribution inside a bearing is governed by 2D Reynolds equation. Assuming laminar and steady flow of an incompressible, isothermal and isoviscous lubricant, the equation is given by
where x and y are the coordinates along and across the sliding direction, respectively, h ¼ hðx, yÞ is the film thickness function, p ¼ pðx, yÞ is the pressure function, U is the sliding speed and is the lubricant viscosity. The equation is solved together with boundary conditions that describe the pressure value p BC at the bearing edges; p BC ¼ 0 throughout this paper. The value of p BC can alter the pressure distribution if cavitation effects are considered. 13 However, since this study is primarily focused on the comparison of numerical methods, cavitation effects were disregarded and subsequently the sub-cavitation lubricant pressures were allowed to occur.
Once the pressure distribution is found by solving equation (1) , the load capacity and coefficient of friction are calculated as
and
where B (width) and L (length) are the bearing dimensions along and across the sliding direction, respectively.
Discretization and integration methods
The discretization methods provide an approximate solution of equation (1) on a grid of points or a mesh of elements/volumes. Specifically, each method produces a system of linear algebraic equations which is then solved for the unknown pressure values using the boundary conditions p BC . In this work, the solution was found iteratively using a generalized minimal residual method with block-Jacobi preconditioner. To ensure that the error in the iterative solution would not affect the results, a low relative residual of 10
À8
was set as a stopping criterion. The pressure values found were then used to calculate the load capacity and coefficient of friction through the numerical integration. 
Finite difference
After differentiation, equation (1) becomes
This equation was discretized using a grid
with a uniform spacing Áx ¼ B=ðN À 1Þ and Áy ¼ L=ðM À 1Þ. The partial derivatives were next replaced with numerical approximations based on the central FD formulas. 14 The second-order formula was evaluated in this study since it is easy to implement and is less sensitive to the number of grid points as compared to those with higher orders. 9 The system of algebraic equations resulting from the discretization and approximations of the partial derivatives is given by
2Áy
. . , M À 1 , and p i, j denotes the unknown pressure value at the point x i , y j À Á and h i, j ¼ h x i , y j À Á . The first and last indices are omitted because the corresponding pressure values are taken from the boundary conditions. After solving equation (5), the load capacity and coefficient of friction were approximated through numerical integration. For the FD method, the trapezoidal NC formula based on linear approximation 10 is the most common choice. The load capacity and coefficient of friction approximated using the formula are given by
where i, j is defined as
For i ¼ 1 and i ¼ N, the central FD formula in the above equation was replaced with forward and backward formulae, respectively.
Finite volume
This method approximates the solution on a mesh of non-overlapping volumes. In this work, rectangular volumes
. . , M À 1 were used to discretize equation (1) , where the endpoints are defined as
The points x i and y j depend on the application; for textured bearings they are typically aligned with the edges of grooves/dimples. Equation (1) was reformulated using the pressure gradient and integrated for each volume, i.e. Using the divergence theorem for the left-hand side and calculating the integrals give the following system of algebraic equations
where the central FD formula was used to approximate the partial derivatives at the volume boundaries. The system (10) was solved for the indices
The pressure values p i, j found were then used to approximate the load capacity and coefficient of friction using the NC formula.
Finite element
The FE method discretizes the governing equation using a mesh of K FE non-overlapping elements. For 2D problems, the elements are typically triangles or quadrilaterals. In this paper, textured bearings were decomposed into quadrilateral elements
ð Þ was defined on the union of elements sharing that point. The function equals to one at the point and to zero at the outer boundary of the union of elements. The pressure function was approximated as follows
Equation (1) was then put into a weak form using both the basis functions and the pressure gradient formulation, giving
where the approximation (11) was used instead of the pressure function and ' r,s denotes the same function as ' i, j except that the indices r and s are independent of i and j. Equation (12) was required to be satisfied for the indices r ¼ 2, 3, . . . , N À 1 and
Applying the divergence theorem and decomposing the integrals over each element resulted in
where e k denotes the k-th out of K FE elements. Since the film thickness function h and the bilinear functions ' i, j and ' r,s are known, the integrals can be replaced with their numerical approximations. For the linear FE method, the Gauss quadrature based on four points (two in each direction) was used to approximate the integrals in each element. The resulting system of linear algebraic equations was then solved for the pressure values p i, j . The values were used to calculate the load capacity and coefficient of friction by the means of the same Gauss quadrature.
Spectral element
This method is similar to the FE except that each quadrilateral element e k , k ¼ 1, 2, . . . , K SE typically covers greater area and can have non-parallel and/or non-linear edges. The discretization accuracy is controlled by the degrees of piecewise polynomials that define the basis functions ' i, j . 15 In this work, the polynomials in each element were constructed on a Gauss-Legendre-Lobatto (GLL) grid. In this way, by aligning the elements with the texture features (e.g. grooves and dimples) and using the GLL quadrature for approximating the integrals in (13), a highly accurate discretization scheme can be obtained. 9 The GLL quadrature was also used to calculate the load capacity and coefficient of friction.
Numerical experiments
Numerical experiments were conducted on four slider bearing geometries. For each geometry, percentage differences (i.e. approximation errors) were calculated between the numerical and reference values of the maximum pressure, load capacity, coefficient of friction and minimum film thickness. The numerical values were provided by the discretization methods and integration formulas/quadratures. The reference values were found using the following convergence procedure. The initial coarse grid/mesh (289 and 682 degrees of freedom for the bearings textured with elliptical grooves and trapezoidal dimples, respectively) was iteratively refined for all the discretization methods. At each iteration, the differences in the numerical values between the current and previous iteration were calculated. If the differences in five consecutive iterations were below 10 À6 for at least one method, the procedure was terminated and the numerical values obtained from the last iteration became the reference values. This way of finding the reference values is justified because the numerical methods converge to the true solution with the refinement of grid/mesh.
Once the differences between the numerical and reference values were calculated, the numbers of degrees of freedom required to achieve the differences below 5%, 1% and 0.1% were found. The percentage cut-off values were chosen based on the results of previous experimental and numerical studies of textured bearings. 3, 4, [16] [17] [18] In these studies, the differences in bearing characteristics due to surface texturing were of the order of several per cent. Therefore, the range of cut-off values from 5% to 0.1% is justified.
The experiments were conducted in Matlab. The FE method required roughly three times longer code for assembling the system matrix (main loop) as compared to the FD and FV methods. The FV and FE methods required about four times longer codes to generate the mesh (pre-processing stage) than the one used to generate the FD grid. The SE method had the least amount of code for the main loop (roughly half of the FD method). However, the preprocessing stage (including the calculation of derivative operators and Jacobian matrices) required about six times more code than those for the FE and FV methods.
Geometries of textured bearings
The following four bearing geometries were used in this paper:
1-2) parallel/convergent slider bearing partially textured with elliptical grooves (Figure 1 ) and 3-4) parallel/convergent slider bearing partially textured with trapezoidal dimples (Figure 2 ).
The stationary top surface was parallel/inclined and textured with grooves/dimples while the bottom surface was flat and sliding at the speed U.
The bearing geometries were described by six parameters:
. number of grooves/dimples N.
Additionally, the ratio of the base and the dimple " ¼ B base =B dimple was used to define the trapezoidal shape. All the dimples had the same dimensions in the x and y directions and they were evenly spaced Table 2 . The numbers of degrees of freedom required to achieve the differences in maximum pressure, load capacity, coefficient of friction and film thickness below 5%, 1% and 0.1% for parallel slider bearing textured with elliptical grooves. across the bearing (i.e. in the y direction). The grooves were defined using a semi-circular function scaled by the groove depth. The ratio B=L was set to 1.
Method

Grid/mesh
For each bearing geometry, grid/meshes were iteratively refined in such a way that the number of degrees of freedom was the same for all methods at each iteration. This ensured a fair comparison between the methods. For the FV, FE and SE methods, the number of discretization points covering textured parts of the bearing (i.e. grooves and dimples) was roughly twice of that used for the untextured part. Such discretization strategy is in agreement with previous numerical studies on surface texturing where finer meshes were generated for textured regions. 19, 20 Unlike the FV, FE and SE meshes, the grids used for the FD method might not align with the edges of grooves/dimples. The numbers of degrees of freedom for which the alignment occurred were identified and are shown in figures in the next section. The alignment was assessed by calculating the absolute differences between the locations of the edges of grooves/dimples and their nearest points on the grid. If the maximum value of the differences normalized with respect to the bearing width and length was below 10 À3 , then the FD grid was considered to be aligned with the edges.
Results and discussion
The results were obtained for the textured bearings described by the parameters listed in Table 1 . The small convergence ratios used (40:5) ensured that the effect of surface texturing on the pressure distribution was not overshadowed by the wedge effect. 11 
Parallel bearing textured with elliptical grooves
The differences in maximum pressure, load capacity, coefficient of friction, and film thickness versus degrees of freedom are plotted in Figure 2 . The points in the plot that correspond to the numbers of degrees of freedom for which the FD grid was aligned with the edges of grooves are enlarged and circled. The numbers of degrees of freedom required to achieve the differences below 5%, 1% and 0.1% are listed in Table 2 . These results were calculated for the texture covering 70% of the bearing inlet ( ¼ 0:7), cell ratio ¼ 0:8 and N ¼ 3 grooves. The number of grooves lies in the range of typical values (1-5) used in other studies. 12, 20, 21 For all the bearing characteristics calculated, the SE method was the first to converge and thus its numerical values were used as the reference values. The method required up to 35 times fewer degrees of freedom than the other methods to achieve the same approximation accuracies. For the cut-off value of 0.1%, it was the only method that did not exceed the maximum number of degrees of freedom considered (56,214).
The good performance of the SE could be explained by its exponential convergence with respect to the degrees of polynomials used as basis functions. 15 Unlike the other three discretization methods that used at most linear approximations, the ability of the SE to accurately model pressure distributions for non-linear bearing geometries (e.g. elliptical grooves) increases greatly with the polynomial degrees. This makes the SE a good choice for analysing bearings with regular texture patterns described by non-linear film thickness functions.
The FV and FE methods produced similar results. A slightly better performance of the FE method could be attributed to the use of bilinear basis functions in the approximation of pressure and its derivatives in each element. This approximation is more accurate than the piecewise-constant approximation used by the FV method which is based on a single pressure value in each volume. Nonetheless, both the FV and FE methods appear to be a reasonable choice for the analyses of bearings textured with non-linear grooves if the approximation error below 1% is not required.
The worst performance was observed for the FD method. The reason could be that the linear approximations of the derivatives in equation (5) are not accurate if the pressure distribution and film thickness Table 3 . The numbers of degrees of freedom required to achieve the differences in maximum pressure, load capacity, coefficient of friction and film thickness below 5%, 1% and 0.1% for slider bearing textured with elliptical grooves and the convergence ratio ¼ 0:5. are non-linear. The erratic changes in plots could be explained by the fact that the grid and the edges of grooves were aligned for only a few numbers of degrees of freedom (enlarged and circled points shown in Figure 2 ). The FD formulas are generally not adaptable to unstructured meshes and thus the changes can be only partially elucidated by refining the grid. However, considering the ease of implementation, especially the fact that no particular care has to be taken to align the grid with the locations of texture features, the FD method could still be useful when results are needed quickly. The greatest differences were found in the values of the minimum film thickness. This suggests that the errors in approximating the load capacity and adjusting the film thickness can accumulate and thus significantly bias the results. It needs to be mentioned that all the methods except the SE failed to produce the differences in minimum film thickness below 1% for the range of degrees of freedom considered. This in turn indicates that the GLL quadrature used in the SE method is superior to the NC formula.
Method
Convergent bearing textured with elliptical grooves
The results obtained for the convergent bearing are given in Figure 3 and Table 3 . The parameters were the same as before except for the convergence ratio which was set to ¼ 0:5.
We found that the differences and the numbers of degrees of freedom were considerably lower than those calculated for the parallel bearing. The reason could be that the wedge effect generated by the positive convergence ratio reduced the effect of surface texturing on the pressure distribution. Because of this reduction, the pressure distribution is smoother and subsequently the discretization methods can approximate the solution with a higher accuracy. This is an important finding, suggesting that the convergence ratio can be taken into account in the process of generating grid/mesh for textured bearings. Specifically, coarser grids and meshes can be used for convergent bearings to achieve similar accuracies as for the parallel bearings.
The fastest convergence was observed for the SE method. It required up to 20 times fewer degrees of freedom than the other methods to achieve the same accuracies. The differences between the FV and FE methods were smaller than those in the parallel bearing. This is because the pressure distribution in convergent bearing is relatively smooth and consequently there is little advantage of using the bilinear shape functions in the FE over the piecewise-constant approximations in the FV. The FD method exhibited smaller oscillations as compared to the parallel bearing. This could be explained by the fact that as the convergence ratio increases, the effects of surface texturing and subsequently misalignment between the FD grid and the groove edges decrease.
Parallel bearing textured with trapezoidal dimples
The differences in bearing characteristics together with the numbers of degrees of freedom required to achieve the differences below 5%, 1% and 0.1% are shown in Figure 4 and listed in Table 4 , respectively. The FD grid was not aligned with the edges of dimples for the range of degrees of freedom considered. The results were calculated for the bearing textured in 60% at the inlet ( ¼ 0:6), cell ratio ¼ 0:8, ratio of the base and the dimple " ¼ 0:75, and N ¼ 6 dimples (two in x and three in y direction). The number of dimples is on the low end of typical values used in other studies 6, 9, 11 and it was small enough to handle the computational requirements of the iterative adjustment of the film thickness.
For the differences in maximum pressure, finer grids/meshes had to be used to determine the reference value. The reason was the oscillatory behaviour of the corresponding plots for the FV, FE and SE methods. Again, the SE was found to be the first to converge and thus the numerical values obtained from the method were used as the reference values. Interestingly, the FV and FE methods required slightly fewer degrees of freedom than the SE to achieve the differences in maximum pressure below 0.1%. For other cases, the SE required up to 45 times fewer degrees of freedom than the other methods to achieve the same approximation errors. Table 4 . The numbers of degrees of freedom required to achieve the differences in maximum pressure, load capacity, coefficient of friction and film thickness below 5%, 1% and 0.1% for parallel slider bearing textured with trapezoidal dimples. The numbers of degrees of freedom required for the errors to be lower than 5% and 1% for the FV, FE and SE methods were similar. This could be attributed to the fact that the volumes and elements were aligned with the dimple edges and therefore the errors in approximating the derivatives of the pressure and film thickness near the edges were greatly reduced. Also, the film thickness was a piecewiselinear function and therefore the pressure distribution could be approximated with a high accuracy using high-degree polynomials in the SE, bilinear shape functions in the FE and even piecewise-constant approximation in the FV methods. The opposite is true for the FD which exhibited large errors for all bearing characteristics, especially the film thickness. The reason could be that the pressure distribution for nearly rectangular dimples exhibits steep pressure changes which are difficult to approximate with a high accuracy using the second-order FD formula. Despite this, the method exhibited smaller oscillations than for the bearing textured with elliptical dimples. A possible explanation is that for the ratios ¼ 0:8 and " ¼ 0:75, the trapezoidal dimples covered smaller area than the elliptical grooves and consequently the effect of the misalignment between grid and dimple edges was not as significant.
Method
Convergent bearing textured with trapezoidal dimples
Results obtained are given in Figure 5 and Table 5 . The convergence ratio was set to ¼ 0:5 while other bearing parameters remained the same.
For the FD and SE methods, the differences between results obtained for the parallel and convergent bearings were similar to those observed for the elliptical grooves. Specifically, the approximation errors and oscillations were reduced and the numbers of degrees of freedom required to achieve the cut-off percentage differences were smaller. The SE required up to 72 times fewer degrees of freedom to achieve the same accuracies as other methods. The FV and FE displayed similar performance, but it was worse than for the parallel bearing. This shows that the discretization methods benefit less from the bearing convergence if the film thickness is piecewise-linear (e.g. the trapezoidal dimples).
Conclusions
In this work, a systematic and comprehensive evaluation of the FD, FV, FE and SE discretization methods and NC formula and Gauss quadratures was conducted for hydrodynamic bearings governed by the 2D Reynolds equation. Parallel and convergent bearings textured with elliptical grooves or trapezoidal dimples were used. It needs to be noted, however, that we only evaluated typical implementations of the discretization methods and therefore the following conclusions may not be valid for other implementations. For example, the differences in accuracy between the methods would possibly be smaller if their implementations had similar level of sophistication (e.g. by increasing the order of FD, FV and FE and decreasing the order of SE). The comparison of other implementations would require further numerical experiments.
1. The shape of the groove/dimple has a significant effect on the approximation errors of discretization methods. For piecewise-linear shapes (e.g. trapezoidal dimples), the approximation errors below 1% can be achieved using relatively coarse grids and meshes (fewer degrees of freedom). For non-linear shapes (e.g. elliptical grooves), the discretization methods based on linear and piecewiseconstant approximations exhibit much larger errors and consequently require finer grids and meshes (more degrees of freedom) to produce accurate results. 2. The convergence ratio is an important factor in affecting the approximation error and can be taken into account during the process of generating grid/mesh. In particular, for positive ratios, the pressure distribution is smoothed and subsequently it can be approximated by the discretization methods with higher accuracy. This is especially evident when the film thickness is defined using non-linear functions (e.g. semi-circular function used for elliptical grooves). For piecewise-linear functions, the effect of bearing convergence is less pronounced. 3. The SE method combined with the GLL quadrature was the most accurate overall. The method required up to 72 times fewer degrees of freedom than the other methods to achieve the same accuracies. For the best performance, the SEs should be aligned with the edges of grooves/dimples and the mesh refinement (increase of degrees of freedom) should be controlled by increasing the degrees of polynomials in basis functions. 4. The FV and FE methods produced comparable results for all bearing geometries used in this study. The methods offer a good trade-off between the ease of implementation, approximation error and computational efficiency. They show the best performance when the edges of grooves and dimples are aligned with the volumes/elements. However, large errors are obtained for surfaces textured with non-linear features (e.g. elliptical dimples). 5. The FD method required the largest number of degrees of freedom to achieve the same accuracies as other methods. This was particularly evident for the minimum film thickness and the surfaces textured by elliptical grooves. The main drawback of the method is the lack of adjustment of the FD formulas to unstructured meshes. This results in misalignments between the grid and the edges of grooves and dimples, noticeably increasing the approximation error. The method is not recommended when accurate solutions and computational efficiency are required.
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